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TROPICALIZATION OF GRAPH PROFILES

GRIGORIY BLEKHERMAN, ANNIE RAYMOND, MOHIT SINGH,
AND REKHA R. THOMAS

ABSTRACT. A graph profile records all possible densities of a fixed finite set of
graphs. Profiles can be extremely complicated; for instance the full profile of
any triple of connected graphs is not known, and little is known about hyper-
graph profiles. We introduce the tropicalization of graph and hypergraph pro-
files. Tropicalization is a well-studied operation in algebraic geometry, which
replaces a variety (the set of real or complex solutions to a finite set of algebraic
equations) with its “combinatorial shadow”. We prove that the tropicaliza-
tion of a graph profile is a closed convex cone, which still captures interesting
combinatorial information. We explicitly compute these tropicalizations for
arbitrary sets of complete and star hypergraphs. We show they are rational
polyhedral cones even though the corresponding profiles are not even known
to be semialgebraic in some of these cases. We then use tropicalization to
prove strong restrictions on the power of the sums of squares method, equiv-
alently Cauchy-Schwarz calculus, to test (which is weaker than certification)
the validity of graph density inequalities. In particular, we show that sums of
squares cannot test simple binomial graph density inequalities, or even their
approximations. Small concrete examples of such inequalities are presented,
and include the famous Blakley-Roy inequalities for paths of odd length. As a
consequence, these simple inequalities cannot be written as a rational sum of
squares of graph densities.

1. INTRODUCTION

An important tool in the study of very large graphs is to randomly sample a fixed
number of small subgraphs. This methodology goes under various names such as
property testing [12] and subgraph sampling [22] Section 1.3.1], and the sampling
statistics are in terms of densities of the subgraphs in the given graph. There are
various notions of densities. In this paper we focus on homomorphism densities, but
we say a few words at the very end on consequences for other densities. A graph
G has vertex set V(G) and edge set E(G), and is assumed to be simple, without
loops or multiple edges. The homomorphism density of a graph H in a graph G,
denoted by ¢(H; G), is the probability that a random map from V(H) to V(G) is
a graph homomorphism, i.e., it maps every edge of H to an edge of G.

The graph profile of a collection of connected graphs U = {C1,...,Cs}, denoted
as Gy, is the closure of the set of all vectors (¢(Cy; G),t(Co; G),...,t(Cs; G)) as G

varies over all graphs. For example, the graph profile of U = {I, A} is the
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well-known set in [0,1]? shown in Figure [I (slightly distorted to better show its
features) [31].

Triangle density *\

Edge density I

FIGURE 1. The graph profile of edge and triangle

Graph profiles are extremely complicated sets and they have been fully under-
stood in very few cases. The study of graph profiles was initiated in [8], where
it was shown that a graph profile is a closed full-dimensional subset of [0,1]*
for an arbitrary s-tuple of connected graphs. However to this day, there is no
triple of connected graphs for which the graph profile is fully known. For pairs

of graphs, the profile Gy, for U = {I,Kn} where K, denotes the complete graph
on n vertices was determined first for n = 3 in [31], for n = 4 in [27], and for a

general n in [33]. Determining the profile of {I,H } where H is an arbitrary bi-
partite graph would involve resolving the famous Sidorenko conjecture which says
t(H;G) > t(I;G)‘E(H)‘. Despite considerable attention, this conjecture is only
known for some classes of bipartite graphs [6L[7L[19134]. Some two-dimensional pro-

jections of Gy where U = {I, SN\ N, ) were described in [11L[17]. As is evident
from Figure [I, graph profiles are not necessarily convex or semialgebraic sets.

In this paper we introduce the tropicalization of graph profiles. Tropicalization
is a very well-studied operation in real and complex algebraic geometry, which
replaces a variety (the set of real or complex solutions to a finite collection of
algebraic equations) with its “combinatorial shadow” [24}[25]. Tropicalization of
real semialgebraic sets has not been explored in as much detail [2,[3L[35]. As we
describe below, while tropicalization loses a lot of information about a graph profile,
it also keeps many of its interesting combinatorial properties.

1.1. Tropicalization of graph profiles. The first set of results in this paper
shows that even though G can be very complicated [16], its tropicalization de-
noted as trop(Gy) is, relatively speaking, rather simple. For a set S C R%,, let
log(S) denote the image of S NR%, under the map v — (log, v1,...,log, vs). The
tropicalization of S, also known as its logarithmic limit set, is

trop(S) = }51(1) log1(S).

It was shown in [2] that trop(S) is a closed cone, but it is not necessarily convex.
We prove in Theorem [2.4] that trop(Gy) is a closed convex cone that coincides
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with the closure of the conical hull of log,(Gs). This result extends beyond graph
profiles to hypergraph profiles in Theorem [3.2] and in fact, to any set that has the
Hadamard property, namely that if u, v are in the set then so is their coordinate-wise
Hadamard product.

Hypergraph profiles. In Section [3] we compute the tropicalization of an arbitrary k-
tuple of complete graphs (and complete uniform hypergraphs) [Theorem B.3], and
an arbitrary k-tuple of star graphs (and uniform star hypergraphs) [Theorem [3.6].
Both tropicalizations are rational polyhedral cones. This is in sharp contrast to
the true profile of even any triple of such graphs being quite out of reach at the
moment.

Binomial graph density inequalities. The cone trop(Gy) provides a perfect frame-
work in which to study pure binomial graph density inequalities of the form t(Hq; G)
> t(Hq; G) where Hy and Hj are graphs whose connected components are contained
inl = {C,...,Cs}. Under the log map, the inequality ¢t(H1;G) > t(Ha; G) be-
comes a linear inequality in the densities of its connected components. The extreme
rays of the dual cone trop(Gy)* generate all of the pure binomial inequalities valid
on Gy As mentioned already, for a pair U = {I,H } where H is bipartite, trop(Gy)
captures the Sidorenko conjecture for H. In this case, trop(Gy) is a two-dimensional

cone in Rzgm and one of its extreme rays for arbitrary H is determined in [4]. De-
termining the other would resolve the Sidorenko conjecture.

1.2. Tropicalization and sums of squares. Our next set of results uses tropical-
ization to show strong limitations for the sums of squares (sos) method, also known
as Cauchy-Schwarz calculus [101[141221[30L132], to prove graph density inequalities.

A finite R-linear combination of graphs Hy, ..., Hs, a = > o;H;, is called
a graph combination. The evaluation of a graph combination ¢ on a graph G
is a(G) = > a;t(H;;G), and a is said to be nonnegative, written as a > 0, if
S ait(H;; G) > 0 for every G. Equivalently, a > 0 on the graph profile G;; where
U=1{Cc,...,Cp}, where Cq, ..., Cy, are the connected components of Hy, ...,
H,. A graph combination a is a sum of squares (sos) if a = Y [[a5]] where a; is a
graph combination of partially labeled graphs.

A natural certificate of nonnegativity of a graph combination is a sos expression
for it, and semidefinite programming can be used to search for a sos expression. It
was shown in [23] that every true inequality between homomorphism densities is a
limit of Cauchy-Schwarz (sos) inequalities. Problem 17 in [21] asked whether every
nonnegative graph combination is a sos and in particular, whether the Blakley-Roy
inequalities, Py > Ik, where Py is a path of odd length k, can be certified by sos.
Problem 21 in [21] asked whether every nonnegative graph combination a can be
multiplied by a combination of the form (1 + b) where b is sos so that the product
is sos. This would certify the nonnegativity of a.

It was shown in [15] that the problem of verifying the validity of a polynomial
inequality (or equivalently of a linear inequality) between homomorphism densities
is undecidable. Moreover, they gave explicit examples of nonnegative graph com-
binations that are not sos answering the first part of Problem 17 in [21]. The class
of graph combinations that become sos after multiplication with an sos were called
rational sums of squares in [15] after Hilbert’s 17th problem. The undecidability
result was used to show that there exist nonnegative graph combinations that are
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not rational sos, thus also solving Problem 21, although no explicit example of such
graph combinations was presented. In [5], we found small explicit graph density
inequalities that cannot be written as a sos, and also do not become sos after mul-
tiplication by expressions of the form 1 4 b where b is sos. A concrete instance of
our results is the family of Blakley-Roy inequalities, Py > Ik, for odd k, answering
Problem 21 and the second part of Problem 17 in [21].

We introduce a new notion of sos-testable graph combinations, which are more
general than sums of squares and rational sums of squares. Roughly speaking, sos-
testable graph combinations correspond to graph combinations whose nonnegativity
can be recognized by sums of squares, although there is no explicit certificate of
nonnegativity. We find large families of pure binomial graph density inequalities
that are not sos-testable, and even their pure binomial approximations remain not
sos-testable. These families include Blakley-Roy inequalities for odd paths.

Sos profiles and sos-testable functions. For a fixed positive integer d, define the
d-sos-profile, denoted as Sy, to be the set of all points on which all sos graph com-
binations )-[[a}]], with all a; having at most d edges in their constituent graphs,
are nonnegative. Let the (U, d)-sos profile Sy 4 be the projection on S; onto the
graphs in U. We prove that Sy is a basic, closed semialgebraic set, and that its trop-
icalization trop(Sy) is a rational polyhedral cone described explicitly in Theorem
[4.121

A graph combination a is sos-testable if it is nonnegative on S, for some d. Sos-
testable functions do not have to come with an explicit certificate of nonnegativity
on an sos-profile. However, in principle, since Sy is a semialgebraic set, nonnegativ-
ity of a graph combination on Sy can be verified via real quantifier elimination. We
show in Theorem [4.16]that if a graph combination a becomes sos-testable after mul-
tiplication by an sos-testable graph combination b, then a was already sos-testable.
The class of sos-testable functions includes sums of squares and also rational sums
of squares, but is quite likely significantly larger. It is not clear at this point whether
even rational sos is a bigger class than just sos.

Limitations of sos. In Section [& we exhibit concrete families of binomial graph
density inequalities that are not sos-testable, even approximately (Theorem [B5.1]).
Namely, if H and H are two graphs with the same number of edges where H is
a trivial square (see Section [ for details) in which every vertex has degree p or
p + 1, and the maximum degree in H is at most p + 1, then H — H is not sos-

testable. An example of such a binomial inequality would be I—I - IS >0 (and
in fact all Blakley-Roy inequalities for odd paths). Even more, Fk — H**! is not

sos-testable for k > 2|E(H)| 4 1. In particular, IT T 124 is not sos-testable and
thus cannot be written as a rational sos. The existence of non-sos-testable graph
density inequalities follows from the undecidability result in [15]. However, they do
not provide explicit examples, and our non-approximation results are new.
Nonnegative graph combinations admit a Positivstellensatz: any graph combi-
nation strictly positive on a graph profile G is a sos [23L[26]. It follows from this
that the graph profile Gy, is the intersection of the (U, d)-sos profiles for all d:

Gu = ﬂ S, d)-
d
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Perhaps surprisingly, tropicalizations of graph and sos-profiles behave rather differ-
ently in that trop(Sy,q)) need not approach trop(Gy) as d — oc. This is because
tropicalizations of graph and sos-profiles only depend on an arbitrarily small neigh-
borhood of the origin in the original set by Lemma[2.2] and sets may approach each
other, while their neighborhoods of the origin do not, see for instance Example 2.3
This phenomenon plays an important role in our ability to use tropicalizations to
find non-sos-testable functions. It enables us to find graph density inequalities that
are not valid on any d-sos-profile while being valid on G,.

1.3. Open questions. We now state some open questions raised by our results.
All tropicalizations of graph profiles computed in Section 3] are rational polyhedral
cones. Therefore it is natural to ask the following:

Question 1.1. Is trop(Gy) a polyhedral cone for any collection U of connected
graphs? If yes, then is it necessarily a rational polyhedral cone?

It was shown in [15] that the problem of deciding the validity of a polynomial in-
equality (or equivalently of a linear inequality) between homomorphism densities is
undecidable. This is equivalent to saying that verifying the validity of a polynomial
inequality on a graph profile is undecidable. Tropicalizations of graph profiles only
carry information about pure binomial inequalities, and tropicalizations appear to
be simpler than the full profile. Therefore we ask the following;:

Question 1.2. Given two (not necessarily connected) graphs G; and Gz is the
question of whether G; — G2 > 0 is a valid homomorphism density inequality
decidable?

Question [[.2]is equivalent to understanding whether a given integer (or rational)
point lies in the dual cone trop(Gy)*, where U is the set of connected components
of G1 and Gs.

1.4. Organization of this paper. In Section [2] we study the tropicalization
trop(S) of aset S C RE, with the Hadamard property. We prove in Lemma[2.2]that
trop(S) is a closed convex cone that coincides with the closure of the conical hull of
log.(S) and that if the all-ones vector is present in S, then trop(S) also coincides
with the closure of the convex hull of log,(S). Theorem [2.4] applies these results to
graph profiles, proving that trop(Gy) is a closed convex cone that coincides with
both the conical and convex hull of log(Gy).

Lemma [2.2] can also be applied to hypergraph profiles (Theorem [B.2)). In Sec-
tion Bl we compute the tropicalizations of the profiles of an arbitrary number of hy-
pergraphs from two families — complete hypergraphs and star hypergraphs. Both
examples yield rational polyhedral cones that can be described explicitly. Their
actual profiles are currently unknown.

We introduce the d-sos-profile Sy in Section [4] and prove that it is a basic closed
semialgebraic set. Theorem [4.12] proves that trop(S,) is a rational polyhedral cone
whose inequalities can be described explicitly by the 2 x 2 principal minors of a
symbolic matrix. Graph profiles are contained in sos-profiles. This section also
introduces the notion of sos-testable graph density inequalities. We prove in The-
orem [4.16] that if b and ab are sos-testable then so is a. In particular, if a is not
sos-testable it is neither a sos nor a rational sos (Corollary K.17]).

In Section [l we find explicit families of pure binomial inequalities that are not
sos-testable, even approximately.
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2. TROPICALIZATION OF GRAPH PROFILES

Definition 2.1. Let U = {C1,...,Cs} be a collection of connected graphs. The
graph-profile of U, denoted as G, is the closure of the set of vectors
(t(C1;G),t(Co; G), - -+ ,t(Cs; G)) as G varies over all unlabeled graphs.

For any U, the graph profile G, is contained in [0, 1]*. They are highly compli-
cated objects and very few of them are known explicitly. Note from Figure [ that
neither the graph profile, nor its convex hull, may be semialgebraic.

In this section we use tropical geometry to pass from the complicated graph
profile G;; to its tropicalization, which as we will see is a cone, and hence much
easier to understand.

Let log : RSy, — R® be defined as log(v) := (log,(v1),...,log.(vs)). If we need
to change the base of the log from e to « then we will explicitly write log,,. For a
set S C RE,, we define log(S) :=log(SNRY,). For any set S C R>g and 7 € (0,1)
consider

-1
log, T

log . (S) = —— log, (8).

The tropicalization of S, which is also called the logarithmic limit set of S, is
trop(S) = Thg%) log1(S).

By [2 Proposition 2.2], trop(S) is a closed cone in R®. A working definition of what
it means for a point y to lie in trop(S) is that for a sequence 7, € (0,¢) indexed
by k € N converging to 0 (equivalently, any such sequence), there exists a sequence
y(k) € SNRE, such that log% y(k) — y as 7, — 0 [2| Proposition 2.1]. In other

words, trop(S) consists of all accumulation points under the map log, /7. applied
to SNRY, for all possible choices of sequences of bases 7. Note that since the log
map is only defined on positive points, log 1 y (k) can exist only if y(k) € RS,. For
sets S C RY, such that S = cl(SNRY,), trkop(S) does not lose information carried
by the points with zero coordinates in S. The Hadamard product of v,w € R®
is defined to be v -w = (vjwi,...,vsws). We say that a set S C RZ, has the
Hadamard property if for any two vectors v,w € S, v-w € S. For a vector v and
a positive integer k, define the kth power of v to be v := (vk, ... v¥).

r Vs
Lemma 2.2. Suppose S C R, has the Hadamard property. Then

(1) trop(S) is the closure of the union of all the rays from the origin through
points in log(S).

(2) trop(S) is a closed convex cone and trop(S) = cl(cone(log(S))), where
cone(+) denotes the conical hull.

(3) If1 €S, trop(S) = cl(conv(log(S))).

(4) If S € [0,1]° and S = (SN [0,1)%), then for any € > 0, trop(S) is
determined by the nonempty neighborhood S N B(0,¢€) of S, where B(0,¢€)
is the ball with center 0 and radius €.

Proof.

(1) We first show that trop(S) is contained in the closure of the union of all the
rays from the origin through points in log(S). Suppose y € trop(S). Then
there exist sequences y(k) € SNRY, and 7, € (0, €) such that as 7, — 0,

-1

log L y(k) = Tog logy(k) —y.
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Since logy(k) € log(S) and 10;1Tk > 0, we get that log% y(k) is in the
union of all the rays from the origin through points in log(S ) for all k&, and
hence, y is in their closure.

For the other inclusion, we want to show that, for any v € S, the ray
generated by log(v) is in trop(S). Since trop(S) is a cone and changing
bases just rescales log(v), it suffices to show that log,(v) € trop(S). Note
that log,(v) = log.(v¥) for any & € N and since S has the Hadamard
property, v¥ is also in S for all positive integers k. Thus there are sequences
7 := =5 and v(k) := v* where 7, — 0 and log%(v(k;)) = log,.(v), and
so log,(v) € trop(S). Since trop(S) is closed, we can conclude that the
closure of the union of all the rays from the origin through points in log(S)
is contained in trop(S).

(2) We already know that trop(S) is closed. We now show that it is a convex
cone. By (1), it suffices to show that for any log(v),log(w) € log(S),
alog(v) + Blog(w) € trop(S) for any «,8 > 0. We can assume that
a, B € Q since trop(S) is closed, and so we can further assume that «, 3
have the same denominator, say a = 9 and 8 = % where a1,a2,b € N.
From (1), we only need to show that a; log(v) 4 as log(w) € trop(S). This
is equal to log(v®! - w2) which, by the Hadamard property, is contained in
log(S), and, from (1), thus also in the tropicalization.

From (1), we know that trop(S) is contained in the closure of the union
of all the rays from the origin through points in log(S), which is con-
tained in cl(cone(log(S))). To show the reverse inclusion, by (1), we know
trop(S) 2 log(S), and since trop(S) is a closed convex cone, trop(S) 2
cl(cone(log(S))), and the result holds.

(3) If 1 € S, then 0 =log1 € log(S). We already saw that all positive integer
multiples of a point in log(S) are also in log(S). Together these facts imply
that cl(conv(log(S))) = cl(cone(log(S))) = trop(S).

(4) Since trop(S) is a closed convex cone, it is fully described by the linear
inequalities that are valid on it. A linear inequality a'y > b 'y valid on
log(8S) corresponds to the binomial inequality x* > x® on S NRE,. Here
we are setting y; = log(z;). Therefore, to prove the claim it suffices to
argue that if a binomial inequality is valid on a small neighborhood of the
origin in S N R, then it is in fact valid on all of SNRY . Suppose there
is some binomial inequality x® > x® that is valid on the neighborhood and
v € SNRY, violates it. Without loss of generality, we can assume that all
components of v are less than 1. Then there is some large enough positive
integer k for which v¥ lies in the neighborhood we considered. If v& < vP
then we also have (v¥)2 < (v¥)P which is a contradiction. Thus trop(S) is
determined by the behavior of S near the origin. O

Note that even though two sets might converge, their tropicalizations might not
as seen in Example 2.3l This example also highlights the role of the neighborhood
of the origin as in Lemma [2.2(4).

Example 2.3. Consider the two sets in Figure[2l On the left is a triangle and on
the right a slight modification of the triangle into a quadrilateral with new vertex
(0,¢). The neighborhood of the origin is different for the two sets. Observe that
S = lim,_,0S; as is clear from Figure 2l On the other hand, their tropicalizations,
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1 1

FIGURE 2. The sets S (left) and S, (right)

seen in Figure [l do not, i.e., trop(S) # lim._,q trop(S:) since the neighborhood of
the origin is different in sets & and S, for any € > 0.

FIGURE 3. The tropicalizations of S (left) and S, (right)

We now apply these results to the graph profile Gy which is known to be a
connected and full-dimensional set [8]. Moreover, it is known that every v € Gy
is arbitrarily close to (¢(C1;G),...,t(Cs; G)) for some graph G. As we will see
in the proof of Theorem [A.16] one can argue that every neighborhood of v has a
full-dimensional ball containing v that is contained in G;;. Therefore, there is a
positive point in Gy, arbitrarily close to v, and no information is lost by passing to
log(Gy). Also, since Gy is contained in [0, 1]°, log(Gy) and trop(Gy) lie in RZ,.

Theorem 2.4. For the graph profile Gy,
trop(Gy) = cl(cone(log(Gy))) = cl(conv(log(Gy))) C R%,.

Further, for any € > 0, trop(Gy) is determined by the nonempty neighborhood
Gu N B(0,¢€) where B(0,¢) is the ball with center 0 and radius €.

Proof. By Lemmal2.2]we just need to show that G;; has the Hadamard property and
contains 1. Equation 5.30 in [22] implies that t(C;; G)t(Cy; G') = t(Cy; GXG') where
G x @' is the categorical product of G and G’. Therefore, if (£(C1;G), ..., t(Cs;G)) €
Gy and (¢(C1;GY), ..., t(Cs; G')) €Gy, then (((C1; G)E(C1; G, ..., t(Cs; G)E(Cs; G7))
€ Gu.

For the sequence of complete graphs K, (t(C;K,) : C € U) - 1 asn — oo
which implies that 0 = log(1) lies in the closure of the convex hull of log(G). O

Theorem [2.4] implies that we obtain a great simplification in structure when we
pass from the graph profile Gy, to its tropicalization, trop(Gy), which is a closed
convex cone. A natural next question is the following:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Question 2.5. Is trop(Gy) a polyhedral cone for any collection U of connected
graphs? If yes, then is it necessarily a rational polyhedral cone?

If U contains two graphs, then trop(S) is indeed a polyhedral cone with two
extreme rays since it is a two-dimensional cone. Could the generators of the extreme
rays be non-rational? No graph profile for three graphs is known. Is there a graph
profile for three graphs for which trop(S) is not polyhedral?

Example 2.6. For U = {I, aN }, we saw the graph profile G, in Figure[1l

pas

FIGURE 4. The tropicalization of the graph profile of an edge and a triangle

The curve bounding the upper part of the profile is 1‘3 > AQ which stands
for the density inequality t(I3;G) > t( 2% G), or equivalently, t(I I I;G) >
t( A\, A\;G) for all unlabeled graphs G. Moreover, we know that I < 1. Let

y1 = log I and ys := log \_. Then the above binomial inequalities correspond
under the log map to the linear inequalities

3y1 —2y» > 0and y; <0

which form the cone generated by the rays (—2,—3) and (0,—1) in RQSO as shown
in Figure[dl In Section [B] we will see that this cone is indeed trop(Gy).

Remark 2.7. Note that trop(Gy) can be understood as an object recording all
possible orders of growths of densities, i.e., recording whether there exists a sequence
of graphs converging to that order of growth.

3. EXPLICIT TROPICALIZATION OF CLIQUES AND STARS

In this section, we explicitly compute trop(Gy) for a finite collection U from
two hypergraph families, cliques and stars. In both cases we will see that the
tropicalizations are rational polyhedral simplicial cones.

Let K,(,T) be the complete r-uniform hypergraph on p vertices, i.e., the graph on
p vertices where every set of r vertices forms a (hyper)edge. When r = 2, K,(,Q) is
simply the complete graph on p vertices. In Section[B.1] we describe trop(G) when
U= {K,gr), Kg-)p K l(T)} is the collection of complete r-uniform hypergraphs for
any r > 2 and [ > r.

Let S (b, ¢) denote the r-uniform hypergraph with b edges all of which intersect
in some set of ¢ vertices, and nowhere else. We call such graphs, stars with b
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branches, and we call the intersection of all the edges the center. For example,
S(z)(b, 1) = K, the complete bipartite graph with parts of size 1 and b. Note
that S()(b,c) has b(r — ¢) + ¢ vertices. In Section 3.2} we describe trop(G) when
U=1{5"(1,¢),5(2¢),...,8"(,¢)} for any r > 2, ¢ <7 and b> 1.

We begin by showing that Theorem [2.4] also holds for r-uniform hypergraphs.
We first define what we mean by the product of two hypergraphs.

Definition 3.1. Let G; and G5 be two r-uniform hypergraphs. The direct product
of G1 and Gs is G1 x Gy where V(G1 X G3) = {uv : u € V(G;) and v € V(G2)},
and

E(Gy x Ga) = {{ugv1,ugve, ..., upv.} : {ug,...,u.} € E(Gy)
and {v1,...,v,.} € E(G2)}.

Note that any pair of edges {uy,...,u,} € E(G1) and {vy,...,v,.} € E(G2) gives
rise to r! different edges in E(G1 X Ga).

Theorem 3.2. For an r-uniform hypergraph profile Gy, where |[U| = s,
trop(Gu) = cl(cone(log(Gu))) = cl(conv(log(Gu))) € R,

Further, for any ¢ > 0, trop(Gy) is determined by the nonempty neighborhood
Gy N B(0,¢€) where B(0,¢) is the ball with center O and radius €.

Proof. We first show that G;; has the Hadamard property, i.e., that
t(H;Gt(H;G") =t(H;G x G')

for all r-uniform hypergraphs H,G,G’. Since the total number of maps from
V(H) to V(G x G") is (|[V(G)||[V(G))VUIDI] the denominators on both sides
of the equation are the same. For homomorphisms ¢ : V(H) — V(G) and
¢ V(H) = V(G'), the map ¢ : V(H) — V(G x G’) such that ¥ (v) — ¢(v)¢'(v)
is also a homomorphism. Conversely, for a homomorphism ¢ : V(H) — V(G) x
V(G’), the projections ¢ = g : V(H) = V(G) and ¢ = ¢g : V(H) —
V(G’) onto the two components V(G) and V(G’) are homomorphisms. Thus,
the numerators on both sides of the equation are also the same. Therefore, if
(t(C1; @), ..., t(Cs; @) € Gy and (E(C1; G'), ..., t(Cs; G')) € Gy, then we have that
(t(C1; G)H(C1; G, ... H(Cs; G)E(Cs; G)) € Gu.

We now show that Gy contains 1. For the sequence of complete r-uniform
hypergraphs K, (t(C’;KT(LT)) : C € U) - 1 as n — oo which implies that
0 = log(1) lies in the closure of the convex hull of log(Gy).

The statement of the theorem now follows from Lemma [2.2] O

3.1. Tropicalization of hypergraph clique profiles. Consider the family U =
{Ky), K£Q1= e Kl(r)} of complete hypergraphs for some r > 2 and [ > r. Observe
that both Gy and trop(Gy) lie in R'="*1 where the i** coordinate corresponds to
the graph KT(QFI for any 1 <4 <1—r+1. In Theorem [3.3] we describe the facets
and extreme rays of trop(Gy). For any y € R'="*1 denote by Yo the coordinate

of y indexed by KZ(T) for r < i <. Also, define le for some r <7 <[ to be the
point in RI="+1 with 1 in the coordinate labeled by KZ-(T) and 0 otherwise.
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Theorem 3.3. LetU = {KT(T), Kr(i)l, ceey Kl(r)}, then

qu(j') S 07

t — Rl*TJrl . i
rop(G) {ye (r+i)uce
r+i—

_(r—l-’i—l)yK(T) >0 VI1<i<l-—r }
e

1

Moreover, the extreme rays of trop(Gy) are

l—r+1
. . T
J=1

for1<i<l-—r+1.

Proof. Let C be the cone on the right hand side of the equation in the theorem.
First observe that t(Kﬁr),G) < 1 is a valid inequality for all graphs G and thus
the inequality y, » < 0 is valid for trop(Gy). The Kruskal-Katona theorem [18/120]
(see also [17]) in the context of graph homomorphism densities of complete graphs
implies that for any integers r < p < gq, (t(K,gr),G))q - (t(Kér),G))p > 0is
valid for each graph G. This binomial inequality for G;; implies that the inequality
QY ety — PY g > 0 s valid for trop(Gy) for each r < p < ¢. Using the inequalities
for each r < ;) <l—1and g =p+ 1, we obtain that all the inequalities describing
C are valid for trop(Gy). Thus trop(Gy) C C.

Before we prove the other containment, we show that extreme rays of C' are as
claimed in the theorem.

Lemma 3.4. The extreme rays of C are u; = —Zé;riﬂ(r +7 =Dl for
rti—1
ie{l,....l—r+1}.
Proof. We have C = {y € RI="*1: My > 0} where
-1 0 0 o0 --- 0 0 0 ]
(r+1) —r 0 0o 0 --- 0 0 0
0 (r+2) —(r+1) 0 0 - 0 0 0
M = : : : S :
0 0 0 00 - (-1 —(1-2 0
0 0 0O 00 -~ 0 I (-1

Since M is lower triangular square matrix of size [ — r + 1, with non-zero diagonal,
it is invertible. The candidate extreme rays can be obtained by setting a subset
of I — r constraints at equality or equivalently, all but one of the constraints at
equality. Let M_; denote the matrix obtained after removing the i*" row of M.
Then a simple check shows that solutions M_;y = 0 are exactly {A-u; : A € R}.
Since u; € C, we obtain that it is an extreme ray. Since these are all the candidate
extreme rays, we have the lemma. O

To prove C C trop(Gy), it is enough to show that the extreme rays of C are
contained in trop(Gy) as shown in Lemma [3.5

Lemma 3.5. The vectors u; are in trop(Gy) for everyi e {1,...,1 —r+1}.

Proof. Let TT(,:)k be an r-uniform hypergraph on m vertices partitioned into k parts
as equal in size as possible where every r vertices coming from r different parts form
an edge (when r = 2, this graph is the Turdn graph on m vertices with k parts). If
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k < r, then Tg)k is the empty graph on m vertices. Note that Tg)k
of size k (and less), but no clique of size k + 1 (or more).
Fix some i € {1,...,l—r+1}. For any a € (0, 1) such that an € N, consider the

hypergraph G where an vertices form a clique and where the remaining (1 — a)n
vertices form a T(Tia)n“i_Q graph (see Figure [B]). Note that ¢ (KJ(T); G) =al +

(1
(TJ(FT;ZQJ.))!I((LZF?XQ)J +0 (%) for any r < j < r+i—2 (since cliques of those sizes can be

found both in the an-clique and in T((lTioz)n,r+i—2) and that ¢ (Kj(.r); G) =al+0 (1)

for any r 4+ i — 1 < j < (since cliques of those size can only be found in the an
am) j1

clique of G). For instance, to see the latter, note that ¢ (K](.r); G) = (Jn# for any

r+i—-1<j<lL

contains cliques

an

(1-a)n

FIGURE 5. G wheni=3,r =2

log(t(K ("), _1:G))
log
1<h<l—-r+4+1Asa— 0and n— oo, we have v, > 0forall 1 <h <i—1 and
vp = (r+h—1) fori <h<1l—r+1. Since this limit point is exactly u; and in

trop(Gy), we have the lemma. O

Now consider the vector v € R‘*7=1 guch that v, = for each

This completes the proof of Theorem [3.3 O

Note that one can find trop(Gy) for U’ C U by projecting down trop(Gy) on
the appropriate coordinates. Moreover, a consequence of Theorem [3.3]is that any
valid binomial inequality for G;; is implied by the Kruskal-Katona inequalities and

HKTG) < 1.

3.2. Tropicalization of star hypergraph profiles. We now give the tropicaliza-
tion of a collection of generalized stars {S((1,c¢), S (2,¢),...,S"(l,c)}. For any
y € R! denote by Y5 (b,c) the coordinate of y indexed by S(b,c) for 1 <b <.
Also, define 1ger () for some 1 < b < [ to be the point in R! with 1 in the
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coordinate labeled by S()(b,c) and 0 otherwise. Finally, let dy, v, .o, = |{€ €
E(GQ)|v1,v2,...,v; € e}| be the (common) degree of a set of vertices vy, ..., V.
Theorem 3.6. Let U = {S")(1,¢),57)(2,¢),...,8")(l,¢c)}, then

trop(Gu) = {y €R' :a]y >0, V1 <b <},
where
aly = —2Us((1,0) + Us (2,0);
Ay Y = Ys(b—1,6) — 25 (be) + Us) (b41,0) for2<b<l-1, and

T
Y = Yst(i—-1,¢) ~ Yst(l,e)-

Moreover, the extreme rays of trop(Gy) are uy, ..., u; where
b l
w == jlsmge = Y blseige
=1 j=b+1
for1 <b<lI.

Proof. To calculate the homomorphism density of S (b, ¢) in some graph G with
n vertices, we first note that there are n°"=9*¢ maps from V(S (b, ¢)) to V(G).
We first decide to which ¢ distinct vertices v, ve, ..., v. € V(G) to send the center
and in which of ¢! different ways to do so. Then each of the b edges of S (b, ¢)
can be sent to any of the dy, .,,.. . edges containing vy, vo, ..., v, in G. For each
of the b edges, there are (r — ¢)! different orders to send the vertices in that edge
that are not in the center to some chosen edge in d,, ,,... .. Thus, for any b > 1,
1<c¢<r—1andr>2, we have that

c! r—c)dy; v v.)b
(ST (b,¢); @) = Zl§”1<”2<“‘<;;§’i(cg+c Joraoee)

b
_ c! (r— C)!dvlﬂ)Za"wUu
- E Z nr—c ’

1< <v2<...<v.<n

r—c)ldyy g, ..., ve . .
Let 8y vp,...0. = ()nr+*c2 Consider the uniform measure on 612 ¢, ...,

On—ct1n—ct+2,..n € [0,1]. The bth moment of this measure is
LA 1
Zl<v1<v2<...?:)c<n 1,250 t(S(T)(b, C);G) +0 (E) )
This connection allows us to write down binomial inequalities that are valid on
(t(S")(b,¢);G) : b=1,...,1). They are of the form

2 2
mg = my, Mp—1Mp+1 > My, b= 25' "al - 1a mip—1 > my.

These inequalities follow from Hélder’s inequality [13} Theorem 18]. These binomial
inequalities imply that the a, y > 0 are valid for trop(Gy). Thus if we let

C={yeR:a/y>0V1<b<l},

we have trop(Gy) C C. As in Theorem B.3] we first characterize the extreme rays
of C' and then show that they are in trop(Gy) to complete the proof.

Lemma 3.7. The extreme rays of the cone C are exactly uy for 1 < b <.
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Proof. Observe that C = {y € R' : Ay > 0} where

2 1 0 0 0 0 0
1 -2 1 0 0 0 0
0 1 -2 1 0 0 0
0 0 1 -2 1 0 0
A4—]10 0 0 1 -2 0 0],
o 0 0 0 0 -+ 1 0
O 0 0 0 0 - =2 1
0 0 0 0 0 - 1 -1}

where the b*" row of A is a,. Since A € R'*!, the candidate extreme rays of C' are

obtained by setting [ —1 of the defining constraints al;'—y > 0 to equality. Since there
are exactly | constraints, it implies there are at most [ extreme rays. Observe that
u; = (—=1,-2,...,=b,—b,...,—b) satisfies all but the b'" constraint at equality.
Since u; € C, it is an extreme ray for each 1 < b <. O

We will now show that C' C trop(Gy) by showing that u,, € trop(Gy) for 1 <
m < l. This is done by exhibiting a family of graphs {G,} for each extreme ray
u,, for which

(log(t(S™ (b, ¢);Gp)) = b=1,...,1)
limits to this extreme ray.

Lemma 3.8. The extreme rays of C are in trop(Gy), and hence C = trop(Gu).

Proof. We say G is k-regular if dy, u,,... v, = k for some k € N for every vy, va, ...,
v. € V(G). Moreover, by edge density of an r-uniform hypergraph H on n vertices,

we will mean the homomorphism density of an edge in H which is %

Consider an r-uniform hypergraph Gsf,z) on n vertices constructed as follows:
(1 — a)n vertices form a k-regular graph with edge density p and the remaining an
vertices form a clique. Call the subgraph formed by the clique A, and the subgraph
formed by the regular part B. Furthermore, any c vertices in A and any r — ¢
vertices in B also form an edge. The parameter o will be chosen later. Also, note

that k = =) | O(n"=¢~1). This can be seen by adding the degrees of all

(r—c)!
sets of ¢ vertices in B, and seeing that each edge gets counted (Z) times that way.
Thus,

k((l_ca)n) — |E(B)‘ — p((l — a)n)r

() r!
yielding the desired relation between k and p.

Every set of ¢ distinct vertices vy, va, ..., v € A has degree dy, vy,... v, =
(:f:(f) since that set of vertices forms an edge with any r — ¢ distinct vertices in
GS",Z, different from it. Every set of ¢ distinct vertices vy, vo, ..., v. € B has
degree k = % + O(n"~¢71) from edges fully in B and, if r — ¢ > ¢, then
((1;@272_0) (“T") gets added to that for edges going between B and A. Finally every

set of ¢ distinct vertices where 7 of them come from A and ¢ —7 come from B where
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max{1l,2¢ —r} <i < c—1 has degree (a") (((1_a)"). Thus,

c—1 r—2c+1
(ST (b,¢); GY))

-2 (=)

. ((1 - a)n) ((r —o)! (((1 ) D e

’ e (r—o)!
()
"> (7)) ((’" - C>!<3§>C<£1_2312>>”]7

i=max{1,2c—r}

where the second and third lines respectively come from sending the center of
S (b,c) to A and B. The fourth line comes from sending i vertices of the center
of S (b,¢) to A, and the other ¢ — i vertices to the B.

As n — oo, this goes to

b
a4+ (1 —a)° <(1 —a)" "p+ %(1 _ a)r—2cac)

c—1

ct i e (= )lai(1 = a)7 2+
r Y megele-e ()

i=max{1,2c—r}

If we choose a = p* , with p << 1 then the lowest degree part of ¢(S() (b, c); Gm))

is p? + p™. If m < b, then p™ dominates and if m > b, then p’ dominates. Thus
log t(S™ (b,e):GL))

limy, s 00, p—0 T” equals —b if b < m and —m if b > m. Thus this
)
vector, (—=1,—2,...,—m,—m...,—m) = u,, € trop(Gy) as claimed. |

This completes the proof of the containment of C' C trop(Gy) and thus Theorem
[3.6] holds. O

Note that one can find trop(Gy+) for U’ C U by projecting down trop(Gy) on the
appropriate coordinates. Moreover, it follows that any valid binomial inequality for
Gu is implied by moment inequalities.

4. SUMS OF SQUARES PROFILES AND THEIR TROPICALIZATIONS

In this section we introduce sos-profiles which are semialgebraic sets that contain
graph profiles. The main result of this section is Theorem .12l which shows that the
tropicalization of any sos-profile is a rational polyhedral cone that can be described
explicitly. We will use this description in Section [Bl to show strong limitations of
sums of squares in recognizing graph density inequalities.

4.1. A general framework. Let M be a symmetric matrix filled with monomi-
als in the finite set of variables x1, ..., x5 for which no 2 x 2-principal minor is
identically zero. For a point v € R%,, let M(v) denote the matrix obtained by
evaluating each entry of M at v, and consider the set

Sy i={veRy, : M(v) =0}

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6296 GRIGORIY BLEKHERMAN, ET AL.

Also consider the superset of Sys
S22 i={ve R, ¢ all 2 x 2 principal minors of M(v) are nonnegative}.

Both Sjs and 512\22 are (closed) semialgebraic sets in R, and they both have the
Hadamard property. Indeed, if v,w € RS, and M(v) = 0 and M(w) »= 0 then
their Hadamard product which is M (v - w) is also positive semidefinite. Therefore,
Sar has the Hadamard property. If v,w € R{ ;N 512\/;2’ then for any 2 x 2 principal
minor x2xP —x2¢ of M, we have that v®T? > v2¢ and w2? > w2¢. Therefore, we
also have vatbwatP > y2ew2¢ or equivalently, (v - w)2tP > (v - w)2¢. Therefore,
512\/;2 has the Hadamard property.

Lemma 4.1.

(1) The set log(S3;?) is a polyhedral cone in R®.
(2) trop(S3;?) = log(S3/?).

Proof.

(1) A point y € log(S3/?) if and only if y = log(v) for some v € S} N
Ry. A 2 x 2 principal minor of M evaluated at v € R%, is of the form
vavP —vZ For a v € RY;, v@™ > v if and only if Y7 (a; + b; —
2¢;)log(v;) > 0. Thus log(S3/?) is the polyhedral cone in R® defined by
the linear inequalities Zle(ai + b; — 2¢;)y; > 0 obtained from the 2 x 2
principal minors of M.

(2) We already showed that S37* has the Hadamard property. Since log(S3, %)
is a polyhedral cone, it coincides with the closure of both its cone hull and
convex hull, and so by Lemma 2.2 trop(S3?) = log(S3/?). O

Corollary 4.2. The dual cone, trop(S?wXZ)* C R?, is the rational polyhedral cone
generated by the vectors

x* x©
{a +b-—2c: (XC xb) is a 2 X 2 principal submatriz of M} .

Lemma 4.3. trop(Sy) = cl(conv(log(Syr))).

Proof. The all-ones matrix M (1) is positive semidefinite and hence 1 € Sps. The
result now follows from Sy; having the Hadamard property and Lemma [2.21 O

Theorem 4.4. Let M be a symmetric matriz filled with monomials in x1, ..., X
such that no 2 x 2 minor of M is identically 0. Suppose also that 512\?2 has interior
in RS . Then trop(Syr) = trop(S3,?).
Proof. Since Sy C 512\/?2 we have that
trop(Sar) = cl(conv(log(Sar)) C cl(conv(log(S3;?)) = trop(S3/2).

To show the reverse containment, we use the following strategy. Pick a v €
int(S3x?), or equivalently, log(v) € int(log(S35?)) = int(trop(S3;?)). Then show
that for a large enough positive integer k, klog(v) lies in log(Sys) C trop(Sas).
Since trop(Sys) is a cone, it must follow that log(v) € trop(Sys). Thus we have
that int(trop(S35?)) C trop(Sys) which means that trop(S35?) C trop(Sys) since
the tropicalizations are closed sets.

Consider log(v) in the interior of log(S3/?). Then v lies in the interior of S,
and all 2x2 principal minors of M (v) are strictly positive. Since log(S]Qsz) is a cone,
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for any k > 0 and integer, klog(v) = log(v*) lies in log(S]Q\/[X2). We will now argue
that if k is large enough then v* is also in Sjy; or equivalently, that all principal
minors of M (v*) are positive. Recall that no 2x 2 principal minor of M is identically
zero. A 2x 2 principal minor of M (v¥), namely vF@+P) _yk(2e) — (yatbyk_(y2e)k
is positive since v@*P > —v2¢. Now consider an [ x [ principal minor of M (v*),
and a term 7" in the Laplace expansion of its determinant indexed by a nonidentity
permutation. Replace every non-diagonal entry in T' from position (i,j),7 # j by
the product of the square roots of the diagonal entries in positions (¢,7) and (j, 7) in
this [ x [ principal minor. Let 7" denote the modification of T' obtained by replacing
all non-diagonal terms in 7" as above. Since all 2 x 2 minors of M (v*) are positive,
we get that 77 > T. Note that T” is the product of diagonal entries in the  x [
principal minor we are considering. Since there are only finitely many terms in the
Laplace expansion of the determinant of the [ x [ principal minor, we can choose k
large enough to ensure that 7" is so much bigger than the other terms making the
entire determinant positive. ([l

Example 4.5. We now give an example to illustrate the necessity of the condition
that no 2 x 2 principal minor of M should be identically zero. Consider the matrix

xz z2 22
2 z® 22
2 22 1

in which the upper left 2 x 2 minor is identically 0. The values of = for which all 2 x 2
principal minors are nonnegative is precisely 0 < x < 1. Therefore, S’ifz = [0,1]
and trop(S3,?) = R<g. The determinant of this matrix is —(z — 1)?2%, so the only
values that make the matrix positive semidefinite are x = 0 and x = 1. Therefore,
trop(Sas) is the origin which is strictly contained in trop(S3,2).

The main take away from what we have so far is that even though Sy; might be
strictly contained in Sf/jw, their tropicalizations agree and form a polyhedral cone
with an explicit inequality description given by the 2 X 2 principal minors of M.

4.2. Specialization to graphs. We now specialize the above results to the case of
graphs. For this we begin with a few definitions about the gluing algebra of graphs,
the reader is referred to Lovész [22] for a broader exposition. A graph is partially
labeled if a subset of its vertices are labeled with elements of N := {1,2,3,...}
such that no vertex receives more than one label. If no vertices of H are labeled
then H is unlabeled. Let A denote the vector space of all formal finite R-linear
combinations of partially labeled graphs without isolated vertices, including the
empty graph with no vertices which we denote as 1. We call an element a = Y, o; H;
of A a graph combination, each «; H; a term of a, and each H; a constituent graph
of a. Let Ay denote the subspace of A spanned by unlabeled graphs. We view
elements a € Ay as functions that can be evaluated on unlabeled graphs G via
homomorphism densities, namely ¢(a; G) = > a;t(H;; G). An element a = > o H;
of Ay is called nonnegative if > a;t(H;; G) > 0 for all graphs G.

The vector space A has a product defined as follows. For two labeled graphs H;
and Hj, form the new labeled graph HjHy by gluing together the vertices in the
two graphs with the same label, and keeping only one copy of any edge that may
have doubled in the process. Equipped with this product, A becomes an R-algebra
with the empty graph 1 as its multiplicative identity. The algebra A admits a
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simple linear map into Ay that removes the labels in a graph combination to create
a graph combination of unlabeled graphs. We call this map unlabeling and denote
it by [[[]]. A sum of squares (sos)in Ay is a finite sum of unlabeled squares of graph
combinations a; € A, namely, Y [[a?]]. A sum of squares is a nonnegative graph
combination.

A d-sos graph combination is an sos a = Z[[a?]] where each constituent graph in
a; is partially labeled and has at most d edges. This means that every constituent
graph of a has at most 2d edges. For a fixed d € N, it follows from results of [29]
(see also [28]) that any d-sos graph combination can be written using only finitely
many, say £(d), labels. Let By denote the set containing the empty graph 1 with
no vertices, and all partially labeled graphs with labels 1, ..., ¢(d), and at most d
edges and no isolated vertices. Define

Va = {[[ab]] connected : a,b e By}\{1}.

A d-sos graph combination is a sum of squares of graph combinations in the span of
By. ie., if a =Y [[a3]] is d-sos then a; € span(B,). Also, any term in a d-sos graph
combination a is a monomial in the elements of V; (including constant terms) and
each constituent graph in a has at most 2d edges.

Definition 4.6.
(1) The d-sos-profile, denoted Sy, is the set of all v € R%,, such that a(v) > 0

for all d-sos graph combinations a and where s = |Vy].
(2) The (U, d)-sos-profile denoted as Sy 4 is the projection of Sy on coordinates

corresponding to graphs in U.

Let Mg be the moment matriz of size |By| x |B4| which is defined as the matrix
with rows and columns indexed by the graphs in By and whose (A, B)-entry is
[[AB]]. Such a matrix is called a connection matriz in [22]. Every entry in M is a
monomial in the elements of V; (including 1) and the corresponding graph has at
most 2d edges. Further, the entries of My and the monomials that appear in d-sos
graph combinations are the same.

Lemma 4.7. The d-sos-profile Sq = {v € RS, : Mqa(v) = 0} = S,

Proof. For any Q »= 0, (Mg, Q) is a d-sos graph combination ZJ[[a?H since a; €
span(B,). Conversely, any d-sos graph combination can be written as (Mg, Q) for
some @ > 0. Therefore, v € R, lies in S, if and only if (Mg4(v),Q) > 0 for all
@ > 0 which happens if and only if My(v) > 0. O

Lemma [4.7] shows that the sos-profile S; is a semialgebraic set in R%, since the
condition My(v) > 0 is equivalent to the (finitely many) principal minors of M,(v)
being nonnegative, and each such minor is a polynomial in the elements of V.

We now note the connection between the graph profile Gy, and the d-sos-profile
S4. Recall that Gy, is the closure of all points (¢(C;G) : C € Vy) as G varies over
all unlabeled graphs. Tautologically, Gy, is also the set of all points in R%, on which
all nonnegative graph combinations in the polynomial ring R[V,] are nonnegative.
Since there is no bound to the number of edges in the constituent graphs of such
nonnegative graph combinations, the profile Gy, may not be semialgebraic, and as
mentioned in the introduction, the profile of edge and triangle is not semialgebraic.
A d-sos graph combination is also a nonnegative graph combination in R[V,], but
one in which the constituent graphs cannot have more than 2d edges. Therefore,
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we immediately get that the graph profile Gy, is contained in S;. Indeed, if v €
RS NGy, then vvT = M,y(v) = 0. If we are given a specific set of finite connected
graphs U, then U C Vy for d large enough. Certainly, any finite connected graph
H € U can be written as the symmetrized product of two partially labeled finite
graphs, namely the empty graph and an unlabeled copy of H itself, which is in Vy
for any d > |E(H)|. We then have that G is a projection of the graph profile Gy,
and contained in the (U, d)-sos-profile Sy 4.

Example 4.8. Consider the graph profile G, for U = {I, AN\, } from Figure [
We will show that (0.7,0.12) is not in Gy;. We know that Gy is contained in Sy 4
for all d > 2.

From Lemma [4.7] S; contains all the points v that make M,4(v) > 0. To show
that (0.7,0.12) & Gy, we can instead prove (0.7,0.12) & Syy,2 by observing that any

point v € R® where the I component is 0.7 and the *\, component is 0.12 is such
that Ma(v) # 0. Indeed, consider the principal submatrix of My corresponding to

the graphs

R S G B Y
A Il
A\
!
A\
A\

The bottom 3 x 3 principal minor and the top

*—e
*—e

S
2
> > >
> Do

[\

X 2 principal minor,

I A A ( II)

det I N N AN and  det
0 TANERVAN
yield that —2 /N, 3 +0.94 /A, % —0.01008 > 0 and "\, 2—0.7* > 0 when | = 0.7
and A\, = 0.12. However, there is no value of *\, in [0,1] that satisfies both
inequalities. Thus the point (0.7,0.12) & Sy 2.

Alternatively, to show that (0.7,0.12) & Gy, we could have shown that (0.7,0.12)
¢ Su,3 by thinking about Ss as the set of points that evaluate nonnegatively on all
3-sos graph combinations. As seen in [22], the Goodman bound can be written as
a 3-sos combination:

12— A= A+, AL+ - 1= A 2]+ ],

so /N, —QI I—l—I > 0 is a valid inequality for S3 and Sy 3. Since 0.12—2-0.72+0.7 <
0, (0.7,0.12) & Sy..

Finally, we note that Sy 3 strictly contains Gy in this case, that is, there are
points v such that M3 (v) = 0, but such that the projection of v on the coordinates
corresponding to graphs in Gy is not in Gy. It was shown in [28] that one needs

=

sums of squares of arbitrarily high degree to carve out Gy when U = { I, N\
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Lemma [4.7] suggests that we may be able to apply Theorem [£.4] to Sq. The first
hurdle is that some principal minors of My might be identically zero. For example,

the principal minor with rows (columns) indexed by I and /\ is Iz /'\2 —
[ AL A=

Say that two partially labeled graphs are isomorphic if they are isomorphic as
labeled graphs. In particular, two isomorphic labeled graphs have the same labels.

Lemma 4.9. A 2 x 2-principal minor in My is identically zero if and only if
the corresponding rows (columns) correspond to two graphs with isomorphic labeled
components.

Proof. Consider a 2 x 2-principal minor in M, corresponding to the rows and
columns indexed by H; and Hy where the labels of Hy and H; (if any) are contained
in some finite set L. The minor is thus equal to [[HZ]][[H3]] — [[H1H-2]][[H1 H2]].
We now show that this expression is a sum of squares. Let H; be the same graph
as H; for ¢ € {1,2} but where any label | becomes [ + |L|. Note that the label sets

of H; and H; do not intersect for i,5 € {1,2}, that [[H?]] = [[H?]] for i € {1,2}
and [[H, Hy)] = [[H, Hs]). Thus the minor is equal to

1 . .

S [(Hy Hy = HiHy)?)| = (B H3 — 2H, Hy iy H + 2 HE)

>
= & (B3 — 2l Fl) 7, o)) + (LA (3D
1

= 5 (LERNI[[H3]] — 2([H Ho)[[H o) + [[HE])[[H3]])

as desired. Indeed, to go from the first to the second line, one simply needs to note
that the symmetrization of products of graphs that have no labels in common is
equal to the product of the symmetrization of those graphs.

Thus, if the minor is identically zero, [[(H;Hy — HyH3)?]] = 0. From Lemma 2.3
of [5], the only way this can be so is if H,H, = H H,. Let H, = H!HY and Hy =
HYHY where H! is the graph H; restricted to components that contain at least one
label, and H} is the graph H; restricted to components that are unlabeled. Then
H; = HZH“ Thus, H1H2 = H1H2 is equivalent to HleHzH2 = HleHzH2
which is equivalent to H! H b= H LHL.

Suppose Hy and H» are two graphs where the labeled components are isomorphic,
i.e., Hl = HL. Note that this includes the case when both H; and Hy are fully
unlabeled. Observe that ﬁ{ = ﬁ% Thus, Hiﬁé = fliH% and the corresponding
2 X 2-minor is identically zero.

Suppose now that the labeled components of H; and Hs are not isomorphic,
ie., H # H. and H! # H,. (Note that this implies that at least one of those two
graphs contain a label, otherwise, their labeled parts would be the same.) Moreover,
note that H! # H} and H! # H} as the labels come from non-intersecting label
sets. Thus it is impossible that H! H) = H! HL, and the corresponding 2 x 2-minor
cannot be identically zero. O

To avoid 2 x 2 principal minors that are identically 0 in Mg, we restrict By
to By, the subset containing the empty graph 1, and all partially labeled graphs
without unlabeled connected components and 1solated vertices. Every graph in By
still has at most d edges. Furthermore, let Md be the moment matrix for Bd Then
Corollary [4.10] follows from Lemma IEl
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Corollary 4.10. No 2 x 2-principal minor in the symmetric matrizc My is identi-
cally zero.

We now replace My with My in Lemma [4.7]

Lemma 4.11. The d-sos-profile Sq coincides with Sy = {v € Ry, : Ma(v) =
0}.

Proof. By Lemma [4.7] it suffices to argue that for v > 0, Md(v) > 0 if and only
if Mg(v) = 0. Since My is a principal submatrix of Mg, My(v) = 0 implies
Md(v) =0

Consider a graph F = F*F! where F* is unlabeled and every component in F'
has at least one label. Then the row of My indexed by F is (FY[[F'H]] : H €
B4). Therefore the corresponding row of Mg(v) is (F*(v)[[F'H]|(v) : H € By).
This means that every term in a principal minor of My(v) (expanded in terms of
permutations) involving the row indexed by F' contains the common factor F*(v)
which is nonnegative. Factoring this out, we obtain a principal minor of Md(v).
Thus if Mg(v) = 0 then My(v) = 0. O

The second requirement in Theorem (4.4 is that S X2 has an interior. By
Lemma 4.7 Gy, C Sq C Sszg and since Gy, has an interior [8] so do S; and
S <2 We can now apply Theorem 4.4

Theorem 4.12. The d-sos-profile S4 is a basic semialgebraic set in R, containing
the graph profile Gy,, and its tropicalization, trop(Sq), is the rational polyhedral
cone log(Si-:Q).

d

Corollary 4.13. The (U, d)-sos-profile Su,q is a semialgebraic set containing the
graph profile Gy for all d. Its tropicalization, trop(Sy.q), is the projection of the
rational polyhedral cone log(Si;lXj) onto the coordinates indexed by U. In particular,
trop(Sy,q) s also a rational polyhedral cone.

Example 4.14. Let d = 1. Then V; = {I, S\, } is the set of all unlabeled
connected graphs that can be obtained as a product of two partially labeled graphs
with at most one edge. The 1-sos-profile S is the set of all v € R2 <o that evaluate

nonnegatively on all 1-sos polynomials in R[I, s\ ]. The graph profile Gy, is

shown in Figure 6l The lower bound consists of dn-regular graphs with d € [0, 1].

The upper bound on the right consists of a clique on an vertices for some o € [%, 1],

and the upper bound on the left consists of the complement of such graphs [1].
We will show that trop(Gy, ) = trop(Sy).

Consider By = {1, I 1, I 2, I ;} Then

o—e
o—e
—e
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1

Two-path density A\,

Edge density I

F1GURE 6. The graph profile of V;

After removing redundancies, the six 2x2 principal minors of M yield the following

two inequalities:

/'\.—IQZOandI—/\ZO.
Therefore, log(Sfoa) = trop(Sy) is the cone generated by the rays (—1, —1) and
(—1,-2). As we saw in the star example of Section [B.2] this cone coincides with

trop(Gy, ) when V; = {I, SN\

4.3. Sos-testable graph combinations. We now introduce the notion of an sos-
testable graph combination which plays an important role in Section [Gl

Definition 4.15. A graph combination a is sos-testable if a > 0 on a d-sos-profile
S, for some d.

Theorem 4.16. Let a,b,c be graph combinations such that b # 0 and ¢ are sos-
testable. If ab = c then a is sos-testable.

Proof. Let U = {F1,...,Fy} be the set of connected components of graphs in a,
b and c. There exist di,d> € N such that b is nonnegative on &yq, and c is
nonnegative on Sy,q,. Let d = max{dy,d2}. We will prove that a > 0 on Sy q
making it sos-testable.

We first argue that every neighborhood of 1 has a ball contained in Gy, i.e., for
every r > 0 there exists an 7 > 0, and w € R¥! such that B(w,7) C Gy N B(1,r).
Here B(w,7) denotes the closed ball of radius 7 around w. From [9, Theorem
1], we have that there exists z € R¥l and ¢ > 0 such that B(z,e) C Gy. Thus,
for every y € B(z,€) there exists a sequence of graphs Gy, ..., Gy, ..., where
[V(G,)| = n, such that lim, o (t(F1;Gr), ..., t(Fr;Gy)) = y. Now fix r > 0.
Then consider the graph sequence H,, which consists of Gy, along with a disjoint
copy of K(1_s), for each n, where § > 0 will be fixed later and we ignore integrality
issues with én. For an Fj, we have t(F;, H,) = (1 — 6)/VUFIl 4 sV, Gys,).
Thus lim,, e t(Fj, Hyp) = (1= 8)VEFI £ 5IVIEDly, Let ¢ : Rl — RUI denote the
map where

o(y) = ((1 —HIVE  gIVEDy (1 )V E 5|V(Fk>|yk) .

By construction, ¢(y) € Gy. If we set § = T [V (Fy then (1 —§)VEIN >
1—-06|V(F;)| > 1—r. Thus ¢(y) > 1 —r and ¢(y) € B(1,r). Therefore, we
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have ¢(B(z,€)) C Gy N B(1,r). Moreover, the Jacobian of ¢ is just the diagonal
matrix with " diagonal entry §IV(¥)| and thus has a non-zero determinant. Thus
#(B(z,¢)) is full-dimensional and contains a ball B(w,#) for some w € RY 7 > 0.
Therefore, we have B(w,7) C Gy N B(1,r) as claimed.

Now suppose there exists x € Sy q such that a(x) < 0. Since Sy q has the
Hadamard property and Gy C Sy.q, we see that any neighborhood of x in Sy 4
also contains a closed ball by applying the Hadamard property to x and the closed
ball in the neighborhood of 1. Since a(x) < 0 and a is polynomial function in
the coordinates indexed by U, and therefore continuous, it follows that there exists
X € Sy,q such that a(x) < 0 and a closed ball B around X is contained in Sy 4.
Since b and ¢ are sos-testable, we have b(u), c(u) > 0 for all u € B. Moreover, since
b # 0, there exists X € B such that a(X) < 0 and b(X) > 0. Then we have ab(X) < 0
while ¢(%x) > 0 which is a contradiction. O

Corollary 4.17. If a graph combination a is not sos-testable, it is not a rational
S08.

Proof. For the sake of contradiction, suppose a is a rational sos, i.e., a = § where
b # 0 and b and c are sos. Then we have ab = ¢. Moreover, b and c¢ are sos-testable
since they are sos. Thus a must also be sos-testable from Theorem [4.16] which is a

contradiction. O

5. LIMITATIONS OF SUMS OF SQUARES

In this section we will use the d-sos-profile S; and the (U, d)-sos-profile Sy 4 de-
fined in Section 4 to show that there are simple binomial graph density inequalities
that are not sos-testable. This means that sums of squares do not recognize these
inequalities.

Following [5], we call an unlabeled graph H, a trivial square, if whenever H =
[[F?]] then F must be a fully labeled copy of H. For example, I—I is a trivial
square.

Theorem 5.1. Let H and H be two graphs with the same number of edges where
the former is a trivial square in which every vertex has degree p or p+ 1 for some
integer p > 1, and the degree of any vertex in H is at most p+ 1. Then for any

k> 2|E(H)| + 1, the inequality " - H*' > 0 is not sos-testable. In particular,

| lk — ISUHD is not sos-testable for k > 7.

One can also show that I—Ik — I3k+1 is not sos-testable, for k big enough, by
using a similar strategy as the one described below. Theorem [5.1]has Corollary 5.2

Corollary 5.2. Let H and H be two graphs with the same number of edges where
the former is a trivial square in which every vertex has degree p or p+ 1 for some
integer p > 1, and the degree of any vertex in H is at most p+ 1. Then H — H is
not sos-testable and cannot be written as a rational sos. In particular, TI - I3 18
not sos-testable and cannot be written as a rational sos.

Proof. Observe that if H — H is sos-testable then H — HP is sos-testable for every

integer k > 1. Furthermore, Fk — H** is also sos-testable for every integer k > 1
since graph densities lie in [0,1]. Therefore, if H and H satisfy the conditions of
Theorem 5.1} H — H is not sos-testable. By Corollary [4.17 we then have that H — H
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is not a rational sos. For the last claim, observe that H = IT and H = I3 satisfies
the conditions of Theorem [5.1] |

Before we prove Theorem [5.1] we make a few definitions. Recall that every term
in a d-sos graph combination is a constant times a monomial in the elements of
V4. Therefore, the coordinates of vectors in both S; and trop(S,) are indexed by
graphs in Vg4, and |V4] = s. In what follows we will assume that we have fixed an
ordering of the elements of V;. For any x € R® and H € Vg, denote by zgy the
coordinate of x indexed by H. Also, define 1y to be the point in tropical space
with 1 in the coordinate labeled by H and 0 otherwise, the indicator vector of H.

Definition 5.3. Let G be an unlabeled graph with factorization G = C{'* - - - C%«
into connected unlabeled graphs C; € V;. Define a(G) to be the point in tropical
space recording the exponents in the factorization of G:

a(G) = i ailg,.
i=1

Example 5.4. Consider V; = {I, S\, }. Then a(IB) = (3,0), a(/\IQ) =
2,1).

Definition 5.5. For a pair of partially labeled graphs A, B, define
m(4, B) = a([[A))[[B?]]) — a([[AB]}?).
2 3

3IandB:i L..Then
1 4

4
A7) = 1112 (8= e and[4B] =] ..

m(A,B)Z].I—I —|—1> —2-1:—:_..

. 2
Example 5.6. Consider A = 1 IT

So

Proof strategy for Theorem [5.11 We need to show that for every d > 1, the
inequality

(5.1) (B ~ H*)(x) >0
is not valid for Sy. Suppose (5.1)) is not valid, then for each fixed d > 1, we have
a point z € trop(S,) such that (z,a(ﬁk) — a(H")) < 0. Since trop(Sy) =

cl(conv(log(Sy))) and the inequality is strict, we can assume that z € log(Sg). This
means there exists x € Sy such that z¢ = log(x¢) for all C' € V;. Exponentiating,

we get that (ﬁk — H"™)(x) < 0. Since for each d > 1 there is such a x and z, it

—k .
follows that H — H**! is not sos-testable and we are done.
Thus our task is to show that (5.1]) is not a valid constraint for trop(Sy). For the

sake of contradiction, assume it is valid for some d, or equivalently that ae(H ) —
a(H"") is in the dual cone to trop(Sy) = log(Si;Q). By Corollary 4.2} the dual
d

cone is generated by the vectors {m(A, B) : A, B € Bq}. Thus

(5.2) a@) - a(HE"*) = Y Aapm(A,B),

A,BeB,
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where Ay g > 0. We will now proceed in steps to derive a contradiction.

We first exhibit a point y € trop(Ss) such that (y, a(ﬁk) — a(H")) is small.
We prove this via Lemma [5.8] and Lemma, [5.9]

Definition 5.7. For an unlabeled graph F, let 6;(F) be the degree of vertex i.
Define L(F) := > g(8;(F)) where g : R>g — R« such that g(0) = 0, g is non-
increasing and ¢ is convex.

Lemma 5.8. The pointy = (L(C))cey, lies in trop(Sq).

Proof. Since the dual cone to trop(Sy) is spanned by {m(A,B) : A, B € By}, it
is enough to check that (y,m(A, B)) > 0 for all A, B € B;. We look carefully at
(y,m(A, B)).

Since yo = L(C) = Y g(6;(C)), it suffices to understand the contribution of
different types of vertices to (y, m(A, B)). An unlabeled vertex of A (resp. B) of
degree d leads to two vertices in A% (resp. B?) both of degree d, and one vertex of
degree d in AB. Such a vertex contributes g(d) 4+ g(d) — 2g(d) = 0 to {y,m(A4, B)).

If a label is used in only one graph, say in A, and the vertex with this label has
s fully labeled edges and t partially labeled edges, then in AB we get a vertex of
degree s + t, while in A% we get a vertex of degree s + 2t and this vertex has no
impact on B2. The total contribution of such a vertex is thus g(s + 2t) — 2g(s +1).
Note that s + 2t < 2(s +t) so g(s + 2t) > g(2(s +t)) > 2g(s + t) where the
first inequality follows since ¢ is non-increasing and the second follows from the
convexity of g and ¢g(0) = 0.

The last case is if a label is used in both graphs. Suppose that in A it is adjacent
to t; partially labeled edges, s; fully labeled edges that are also in B and u; fully
labeled edges that are not in B. Similarly, suppose that this vertex in B is adjacent
to to partially labeled edges, so fully labeled edges that are also in A and wuo fully
labeled edges that are not in A. Note that, by definition, s; = s5. Then in A% we
get a vertex with degree 2¢; 4+ s; +u1, and in B2, a vertex with degree 2ty 4 s5 4 us.
In AB, we get a vertex of degree t1 + to + s1 + w1 + us. The total contribution of
such a vertex to (y,m(A, B)) is thus

g(2t1 + s1 +ur) + g(2te + s1 4+ uz) — 29(t1 + to + s1 4+ ug + us)
>2g(t1 +ta + s1+u1/2 +ua/2) — 2g(t1 + ta + s1 + w1 +ug) > 0.
O
From now on, we let g be given by g(m) = —m for 0 < m < p+ % and
g(m) = —(p+ 3) for m > p+ 3. Note that g(0) = 0, and g is convex and non-

increasing. This g has the following effect on L(F') for an unlabeled graph F: if
the maximum degree of a vertex in F'is p + 1, then ¢(d;(F')) = —0;(F) and hence

L(F) =2 9(0:(F)) = =2|E(F)|.

Lemma 5.9. We have (y, a(H") — a(H*1)) = |E(H)|.

Proof. By definition of H and H, both have the same number of edges, and each
vertex has degree at most p + 1. Therefore, (y, a(ﬁk» = —2k|E(H)|. Similarly,
(y,a(H"™)) = —2(k + 1)|E(H)|, and the result holds. O

We know that any connected component of H is a trivial square and that each
appears only once in H since H is a trivial square. Since H and H are distinct,
there must exist a connected component C' in H not in H.
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Lemma 5.10. For every A, B € By such that the C'th coordinate of m(A, B) is pos-
itive, (y,m(A, B)) > 1(za+zp) > 0 where z4 is the number of fully labeled copies

of C that appear in A but not in AB, and zpg is the number of fully labeled copies of
C' that appear in B but not in AB. Moreover, we also have (1¢,m(A, B)) < za+zp.

Proof. If the Cth component of m(A, B) is positive, then this means that [[A?]][[B?]]
must contain at least one copy of C. Since C is a trivial square, at least A or B
must contain either an unlabeled copy of C or a fully labeled copy of C.

Suppose A contains [ 4 fully labeled copies of C' that appear in AB but not in B,
and similarly, suppose B contains [p fully labeled copies of C' that appear in AB
but not in A. Suppose there are [4p fully labeled copies of C' that appear in both
A and B (and thus also in AB). Suppose there are z4 fully labeled copies of C' that
appear in A that do not appear in AB, and similarly, zp fully labeled copies of C
that appear in B but not in AB. Finally, suppose A and B respectively contain
ua and up unlabeled copies of C. Then the Cth component of a([[A%]][[B?]]) is
la+lap+za+2ua+lg+lap+zp+2up and the Cth component of a([[AB]]?) is
2(la+lap+ig+uas+ug). Thus the Cth component of m(A, B)is za+25—1a—Ip,
and we have (1, m(A, B)) < z4 + zp proving the second claim in the lemma.

To complete the proof of the first claim, we can assume that z4 + 2z > 1 since
the Cth component of m(A, B) is assumed to be strictly positive. Without loss
of generality, assume z4 > 1, i.e., there is a fully labeled copy of C in A, say C;
with labels 1, 2, ..., r, that does not appear in AB. For this to be the case, B
must contain at least some labeled vertex b € {1,2,...,r} that is adjacent to some
partially or fully labeled edge not in Cj.

Recall that from Lemma (5.8 (y,m(A, B)) > 0 and it can be obtained as a sum
of contributions of different vertices separately, each of which is nonnegative. We
show that b will contribute at least % to (y,m(A, B)).

Indeed, in A, we know that b is adjacent to ¢t; = 0 partially labeled edges
and suppose it is adjacent to s; fully labeled edges that are also in B and u,
fully labeled edges that are not in B, where s; +t1 € {p,p + 1} by definition of
H. Further, in B, suppose b is adjacent to to partially labeled edges, s = s;
fully labeled edges that are also in A and wus fully labeled edges that are not in
A. We know that to + us > 1. Note that this implies that b in AB will always
contribute at least one more edge than in A. So the contribution of b to (y, m(A, B))
is at least g(2t1 + s1 + uy) + g(2ta + 81 4+ uz) — 29(t1 + to + s1 + ug + ug) =
g(s1 4+ u1) + g(2ta + s1 + ug) — 2g(ta + s1 + w1 + uz). Let’s consider a few cases.

Either b in B is adjacent to at least p 4+ 2 edges, i.e., 2t3 + s1 + us > p+ 2 and
g(2ta+s1+u2) = —(p+ %), but b in AB is adjacent to at most p+ 1 edges. In that
case, b in A can only be adjacent to p edges, i.e., s;+u; = p since ug+to > 1. So b
in AB is adjacent to exactly p 4+ 1 edges and the contribution of b to (y, m(A, B))
is —p—(p+3)—2(-(p+1) =73

If b in B is adjacent to at least p+2 edges and b in AB is also adjacent to at least
p+ 2 edges, then the contribution is at least —(p+1) — (p+ 3) —2(—(p+ 2)) = 1.

Otherwise, if b in B is adjacent to at most p+ 1 edges and b in A is adjacent to p
edge, then b in AB is adjacent to at least p+ 1 edges, so the contribution is at least
—p—(p+1)—2(—(p+1)) = 1. On the other hand, if b in B is adjacent to at most
p+ 1 edges and b in A is adjacent to p + 1 edges, then b in AB is adjacent to at
least p+2 edges, so the contribution is at least —(p+1)— (p+1)—2(—(p+3)) = 1.
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Finally, we know that every other vertex of C; in A contributes at least zero.
Thus the contribution of C; to (y,m(A, B)) is at least 3.

Note that the same argument holds for every one of the z4 + zp fully labeled
copies of C'in A or B that do not appear in AB. Thus, we get a total contribution
of at least 3(za + zp) to (y,m(A, B)). O

Example 5.11. Consider C = I—I which is a connected component of H = IT

but not H = I?’. Here p+1 = 2, and so g(1) = —1,¢g(2) = —2 and ¢(3) = —2.5.
We saw that

. 2 3
if A= . 1741 and B = E—4Lh then m(A, B) —1rI +1}FH _2.1rL_
The component indexed by C' in m(A, B) is positive, and

yrs = —6, y: , =95 and Yy, =
Thus, as proved in Lemma [5.10]
(y,m(A,B)) = —6 — 9.5 — 2(—8) = 0.5 > 0.
Proof of Theorem [5.1]l We will contradict Equation (5.2) by a simple counting ar-
gument.

Let C be a connected component of H that does not appear in H. Equating the
coordinate indexed by C on both sides of Equation (5.2)), we get

E< Y Aap(m(4,B),10),
(A,B)eZt
where Z* indexes the pairs (A, B) such that A,B € By and (1¢,m(A, B)) > 0.
From Lemma [5.10] we know that (1o, m(A, B)) < z4 + zp, so

k< Z >\AB ZA+ZB).
(A,B)eZ+

Recall that (y, a(ﬁ ) — a(HF H)| from Lemma [5.9] so

) =
<y, Z /\ABm(A B)>

A,BEB,

Z Z )\AB y,m A B)>
(A,B)eZ+

> Y Aap-5(2a+28)
(A,B)eT+

> ok,

where the second line follows from the first because (y,m(A, B)) > 0 and Aap >0
for all A, B € By; the third follows from the second by Lemma [5.10} and the last
implication follows from Z(A,B)eI+ Aag(za+zp) > k. Therefore, if Equation (5.2)
holds, then k < 2|E(H)|. This implies that if & > 2|E(H)| + 1 as assumed in
Theorem[5.1] then Equation (5.2) cannot hold, completing the proof of the theorem.

O
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From the third section of [5], we know that the existence of a sos certificate in the
gluing algebra we presented here is equivalent to the existence of a sos certificate
in Lovdsz-Szegedy’s gluing algebra [23], Hatami-Norine’s gluing algebra [15] and
Razborov’s flag algebra [30]. Since the existence of a rational sos certificate for
some graph combination a relies on the existence of two sos b and ¢ such that
ab = ¢, we get Corollary 5.12

Corollary 5.12. The binomial graph combinations o' — g fork > 2|E(H)|+1,
and H— H, satisfying the conditions in Theorem [5.1] are not rational sos in Lovdsz-
Szegedy’s gluing algebra, Hatami-Norine’s gluing algebra or Razborov’s flag algebra.

Note that H — H needs to be translated to induced densities first in the case of
Razborov’s flag algebra.
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